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ABSTRACT

Training language models for formal theorem proving requires large numbers of
verifier calls. Slow checks and timeouts often leave GPUs waiting and withhold
rewards from potentially correct proofs. We train neural evaluators to predict
Lean 4 verdicts and compiler feedback on GPUs using 4.84M labelled programs.
We compare two validity classifiers with a feedback model that annotates proof
attempts with predicted goal states and error messages. A two-stage evaluator
that screens candidates with a classifier and scores its positive predictions with
the feedback model reaches 87.8% accuracy in predicting whether Lean accepts a
candidate proof, evaluated on a 68,932-program benchmark collected from public
provers. Speculative decoding triples feedback-generation throughput, enabling
the combined evaluator to process 3.5 candidates per second on one H100, 4.2×
the throughput of our 64-worker Lean baseline with environment reuse. Finally,
we combine our evaluator with Lean verdicts to obtain a hybrid reward system
that shortens GRPO training steps by approximately 31%. After one GRPO epoch
with hybrid rewards, the prover achieves nearly the same miniF2F pass@1 as with
Lean-only rewards (62.2% versus 62.4%) and a pass@32 of 72.4% versus 71.3%.

1 INTRODUCTION

Proof assistants provide automatically checked training signals for language models that generate
formal proofs (de Moura & Ullrich, 2021; The mathlib Community, 2019). Lean-based provers use
these signals for supervised learning, proof search, and reinforcement learning (Lin et al., 2025a;b;
Ren et al., 2025; Wang et al., 2025; Chen et al., 2025; Hubert et al., 2026). Checking candidates at
scale creates a substantial computational workload. Existing systems reduce this overhead through
parallel workers, reuse of loaded environments, and compiler optimizations (Dos Santos et al., 2025;
Hubert et al., 2026).

Even with these optimizations, slow checks can delay reward computation for an entire training
batch. In our 8B prover’s Group Relative Policy Optimization (GRPO) training (Shao et al., 2024), a
64-worker Lean pool takes about 420 s to score 1,024 candidate proofs with a 60 s timeout per proof,
about 40% of a 1,050 s training step. Timeouts also withhold rewards from some correct proofs:
in an audit with a larger verification budget, 58.1% of the resolved timeouts are valid (Section 6).
A separate comparison with Kimina Lean Server finds similar verification times on 10,000 proofs,
providing an external check on our pipeline’s efficiency (Appendix A).

We study the trade-off between evaluation speed and verdict accuracy when predicting Lean’s
response to a candidate proof. We train two validity classifiers and a feedback model that annotates
a supplied program with predicted goal states and error messages. Combining a classifier with the
feedback model gives a two-stage evaluator, or cascade, that predicts a candidate’s validity on the
GPU. These predictions can supplement Lean when exact checks are slow.

Our hybrid reward protocol runs Lean and the learned evaluator concurrently on each batch (Figure 1).
When the evaluator finishes, after 90 s on average, we retain the Lean verdicts already returned and
use model predictions for the remaining candidates. To test whether the learned predictions are useful,
we also train with Lean alone under a 13 s per-proof timeout. This matches the hybrid protocol’s
average batch scoring time of 90 s but yields lower miniF2F pass@1 and pass@32 after one epoch of
GRPO.
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Figure 1: Hybrid rewards from concurrent Lean and GPU evaluation. Each batch contains 1,024
candidate proofs, checked by 64 Lean workers with a 60 s timeout per proof. Lean-only batch scoring
takes approximately 420 s on average. Hybrid scoring ends when GPU evaluation finishes (90 s on
average), retaining completed Lean verdicts and using model predictions for unfinished checks, which
are cancelled. The Lean curve beyond this point shows the Lean-only reference. The 3.6% timeout
share is measured over the 24,359 candidates with extractable code in the replay cohort. Curves and
phase durations are schematic; flat neural regions represent loading and warmup.

We make three contributions:

1. Fast GPU evaluation with a measured accuracy–cost trade-off. Our cascade reaches
87.8% accuracy on 68,932 candidates from three public provers. With speculative decoding,
it processes 3.5 candidates per second on one H100, 4.2× the throughput of our 64-worker
Lean reference.

2. Hybrid rewards for GRPO training. Hybrid rewards shorten training steps by approxi-
mately 31%, retain essentially the same miniF2F pass@1 as standard Lean-only rewards, and
largely preserve the initial prover’s pass@32. At the same scoring time, the 13 s Lean-only
baseline performs worse on both metrics.

3. A dataset and benchmark for learned proof evaluation. We construct a 4.84M-program
compiler-labelled training corpus and a 68,932-program benchmark from three public
provers on miniF2F and ProofNet. We will release the datasets, model checkpoints, and
code upon acceptance.

2 RELATED WORK

Learning from proof-assistant feedback. Existing provers use proof-assistant feedback to learn,
search, and repair proofs. DeepSeek-Prover and Goedel-Prover combine generated data with rein-
forcement learning and self-correction (Xin et al., 2024a; Lin et al., 2025a; Xin et al., 2024b; Ren
et al., 2025; Lin et al., 2025b). LeanProgress predicts proof progress to guide search (George et al.,
2025). Baldur and APRIL learn to repair failed proofs using diagnostics (First et al., 2023; Wang
et al., 2026), while Compile to Compress uses compiler outputs for local refinement without retaining
a long interaction history (Li et al., 2026). Our study concerns the accuracy and cost of predicting the
feedback that such workflows consume.

Neural compilation and efficient proof checking. Learned feedback prediction complements
work on neural compilers and efficient access to exact verifiers. Meta LLM Compiler targets compiler
optimization and intermediate representations, while LEGO-Compiler translates high-level programs
into assembly (Cummins et al., 2024; Zhang et al., 2025). SURGE benchmarks LLM prediction of
program execution, including Lean verdicts and error messages, and studies gains from fine-tuning
(Lyu et al., 2025). Our work evaluates specialized Lean models and their use in hybrid GRPO rewards.
LeanDojo and LeanInteract expose proof-environment interaction (Yang et al., 2023; LeanInteract),
and Kimina Lean Server combines parallel Lean processes with import reuse (Dos Santos et al.,
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2025). Generative Compilation obtains real compiler feedback on partial programs during generation,
demonstrated for Rust (Mündler-Sasahara et al., 2026). These systems provide complementary ways
to reduce verification overhead while retaining exact checks.

Evaluating predicted feedback. Ananthula & Kumarappan (2026) show that models can encode
verifier information while generating explanations that do not faithfully describe the computation. We
therefore compare predicted feedback directly with Lean’s messages and their locations in the source.

3 DATASET CONSTRUCTION

We use compiler-labelled Lean programs to train the evaluators, select their parameters, and evaluate
predictions on public-prover outputs. Table 1 summarizes the training corpus, in-house validation data,
and evaluation benchmark. Upon acceptance, we will publicly release all code, training and validation
data, evaluation datasets, and model checkpoints, together with documentation and reproduction
instructions.

Table 1: Training, validation, and benchmark data. Benchmark rows combine Pythagoras (Ong
Jun Leang et al., 2026), Goedel (Lin et al., 2025b), and DeepSeek (Ren et al., 2025) outputs. Valid
fractions describe the proof correctness rate over all candidate programs, not theorem-level pass rates.
Data Programs Valid fraction

Training corpus 4.84M 44.8%
In-house validation (miniF2F and ProofNet) 27,210 38.9%

miniF2F benchmark candidates 41,638 61.7%
ProofNet benchmark candidates 27,294 9.0%
Combined benchmark (deduplicated) 68,932 40.8%

3.1 TRAINING CORPUS

The training corpus combines public Lean proofs with additional proof attempts generated to increase
the fraction of invalid examples. We draw theorem statements and proofs from NuminaMath-LEAN
(Li et al., 2024), the Goedel-Prover SFT corpus and problem set (Lin et al., 2025b), and APRIL
proof-repair traces (Wang et al., 2026). We fine-tune Qwen3-8B-Base (Yang et al., 2025) on valid
proofs from this pool, then use it to sample further attempts on the same theorems. Lean v4.15.0
checks every attempt and supplies its verdict and feedback. The resulting corpus contains 4.84M
programs, of which 44.8% are valid.

3.2 VALIDATION DATA

We select hyperparameter settings for our learned Lean 4 evaluators using 27,210 candidate programs,
of which 38.9% are valid. The candidates are generated from miniF2F and ProofNet statements by
the in-house theorem prover, trained on the NuminaMath-LEAN and the Goedel-Prover datasets.
These data are separate from the evaluation benchmark and are used to choose decision thresholds
and the self-consistency voting rule described in Section 4.

3.3 EVALUATION BENCHMARK

The evaluation benchmark tests predictions on complete Lean programs from three public provers. It
contains 68,932 deduplicated candidates from Pythagoras-Prover-4B (Ong Jun Leang et al., 2026),
Goedel-Prover-V2-8B (Lin et al., 2025b), and DeepSeek-Prover-V2-7B (Ren et al., 2025), each run
on miniF2F and ProofNet (Zheng et al., 2022; Azerbayev et al., 2023). Each candidate includes its
imports and surrounding source context. All labels use Lean v4.15.0, matching evaluator training.
The collection pipeline reuses loaded Lean environments across requests to avoid repeatedly loading
imports. It runs 64 concurrent verification jobs with incremental compilation caching, using the
environment-reuse approach described by Kimina Lean Server (Dos Santos et al., 2025). All six runs
use dual-socket AMD EPYC 7543 CPUs (64 cores), 1,008 GiB RAM, and a 180 s per-command
timeout. Section 5 reports the measured throughput of this Lean REPL pool.
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Validity labels and exclusions. Labels record whether a candidate satisfies the collection verifier’s
acceptance policy. A passing proof is valid; compilation failures and proofs of the wrong statement
are invalid. Timeouts, infrastructure exceptions, and candidates rejected before compilation are
excluded from the labelled corpus. Accuracy is therefore measured on candidates for which the
verifier returned an eligible outcome within its budget. Across 81,660 collected candidates (total
number, before deduplication), 507 (0.6%) produce exceptions, including 418 timeouts. Appendix B
specifies the pre-checks, forbidden constructs, and expected-theorem matching.

4 LEARNED LEAN 4 EVALUATORS

We compare direct validity prediction with generation of compiler feedback, then combine them in a
two-stage evaluator called a cascade. Before supervised training, all three models receive continued
pretraining on approximately 130M tokens of general Lean source code and documentation. They
then train on verdicts or annotated programs from the compiler-labelled corpus in Section 3. Table 2
summarizes the models and their training settings.

Table 2: Evaluator training. Models first receive continued pretraining on approximately 130M
Lean tokens, then one supervised epoch. Context lengths and optimization settings below refer to
supervised training.

Encoder One-token Feedback

Backbone ModernBERT-large (395M) Qwen3-8B Qwen3-4B
Pretraining task Predict masked tokens (30%

masking)
Predict next token Predict next token

Supervised target Binary validity label One true/false token Source annotated with
feedback

Context (tokens) 8,192 32,768 32,768
Learning rate 2× 10−5 10−5 10−5

Batch size 64 8 8
Update steps 75,251 16,250 55,470

4.1 VERDICT CLASSIFIERS

The encoder, ModernBERT-large (395M parameters) (Warner et al., 2025), predicts validity in one
forward pass. Its context limit is 8,192 tokens, so longer programs retain their first 2,048 and last
6,144 tokens.

The one-token model, Qwen3-8B (Yang et al., 2025), is trained to output a single true or false
token after the input program. At inference, we normalize the probabilities of these two tokens to
obtain a validity score between 0 and 1. Scoring requires one forward pass and no text generation.

4.2 FEEDBACK PREDICTION AND VALIDITY

The feedback model, Qwen3-4B, takes an unannotated Lean program and predicts a copy with goal
states and error messages inserted as Lean comments. A goal state lists the local assumptions and the
proposition still to be proved; a tactic is a command that transforms that state. We call this annotated
program a feedback trace (Figure 2); the reference trace is the annotation obtained by executing Lean.

Feedback trace construction. The model learns to reproduce the annotations that Lean produces
for the input program. We execute each program through Lean’s interactive read–eval–print loop
(REPL) with tactic tracing enabled. The annotation pipeline inserts goal-state comments before
their tactic lines and compiler messages after the corresponding source lines. The comments record
compact state updates, omitting unchanged hypotheses and printing new or changed declarations.
It stops at the first error, retaining the program and feedback up to that point. Appendix C details
source alignment, hypothesis deduplication, and message formatting.

Figure 2 illustrates the model’s predicted trace for an invalid miniF2F candidate. Given the original
program without annotations, the model first predicts the goal state before the have tactic. It then
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theorem mathd_algebra_440 (x : R) (h0 : 3 / 2 / 3 = x / 10) : x = 5 := by
/- <feedback>
-- proof state:
x : R
h0 : 3 / 2 / 3 = x / 10
⊢ x = 5
</feedback> -/
have h1 : 3 / 2 / 3 = 1 / 2 := by norm_num
/- <feedback> ... goal state elided ... </feedback> -/
rw [h1] at h0

/- <feedback>
-- type: error, msg: tactic 'rewrite' failed, did not find
-- instance of the pattern in the target expression
3 / 2 / 3

... hypothesis context elided ...
</feedback> -/

Figure 2: Predicted feedback trace for an invalid miniF2F proof attempt. The model inserts goal states
and an error message as Lean comments; generation stops at the predicted rewrite error. Elisions are
marked.

correctly predicts Lean’s rewrite error at rw [h1] at h0 and stops generation. For a valid proof,
the target trace instead reaches the end of the program without an error block. Figures 3 and 4 in the
appendix show complete comparisons of predicted and Lean-generated traces.

Deriving a verdict from predicted feedback. We predict invalid if the generated trace contains
an error marker, ends with a proof-state block with no following source code, or is cut off at the
output-token limit instead of ending with an end-of-sequence (EOS) token. Otherwise, we predict
valid. Appendix B gives the parsing details.

4.3 IMPROVING VERDICT ACCURACY

We investigate two complementary techniques for improving verdict accuracy: a cascade that requires
agreement between two evaluators, and self-consistency that aggregates several predictions from the
feedback model. Each can be used on its own, and they can also be combined.

Cascade: agreement between evaluators. The cascade combines the two Qwen models to reduce
incorrect acceptance and avoid generating feedback for every candidate. The one-token model acts as
a gate: candidates scoring below 0.5 are rejected; the others reach the feedback model. By default,
the feedback stage generates one trace with greedy decoding. The cascade accepts a candidate only
if both stages accept it. The second stage can therefore remove false positives but cannot recover
valid proofs rejected by the gate. We use the cascade for hybrid GRPO rewards: it improves verdict
accuracy over the feedback model alone on the benchmark (Table 3) and GRPO replay (Section 6).

Self-consistency (SC): agreement across feedback traces. Self-consistency (SC) uses repeated
sampling to make the feedback model’s verdict less dependent on a single generated trace. For each
candidate, we sample five traces at temperature 0.8, derive a verdict from each using the feedback
model’s verdict rule, and accept the candidate if at least four predict validity. This technique uses
only the feedback model and requires more generation than a single trace. We evaluate it both as a
standalone evaluator and in combination with the cascade: candidates that pass the one-token gate
are then scored using the four-of-five rule instead of a single feedback trace.

Validation and parameter selection. We select evaluator parameters and decision thresholds using
the in-house validation data in Section 3. This includes the four-of-five self-consistency rule and
the calibrated classifier thresholds reported below. All settings are fixed before evaluation on the
benchmark outputs from the three public provers.
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5 ACCURACY, TRANSFER, AND SERVING COST

5.1 PREDICTION ACCURACY AND CANDIDATE RANKING

We evaluate verdict prediction on our 68,932-program evaluation benchmark (Section 3). With
40.8% valid candidates, accuracy alone is insufficient to characterize performance. We also report
metrics that account for class imbalance or assess ranking. F1 balances precision and recall; macro
F1 averages the scores for the valid and invalid classes. Matthews correlation coefficient (MCC)
summarizes the confusion matrix on a −1 to 1 scale, with 0 indicating no correlation. Area under the
ROC curve (AUROC) measures how often a valid candidate scores above an invalid one, with half
credit for ties.

Table 3: Verdict prediction on the full evaluation benchmark. Self-consistency (SC) samples five
traces at temperature 0.8 and requires four valid votes; all other feedback settings use greedy decoding.
†: threshold selected on in-house validation data; other classifier and gate thresholds are 0.5. Best
values in each metric are bold.
Evaluator Accuracy Macro F1 MCC AUROC

Cascade, SC feedback stage @4/5 0.888 0.887 0.783 —
Cascade, calibrated gate (0.82)† 0.887 0.885 0.778 —
Cascade: one-token → feedback 0.878 0.877 0.772 —
Cascade, FP8 feedback stage 0.877 0.876 0.770 —
Feedback 4B, 5-sample SC @4/5 0.874 0.873 0.762 0.919
Feedback 4B 0.851 0.851 0.733 —
One-token 8B, calibrated (0.86)† 0.831 0.831 0.683 0.905
One-token 8B 0.752 0.752 0.592 0.905
ModernBERT-large 0.586 0.563 0.372 0.862

AUROC uses classifier scores or the fraction of valid votes; it is omitted for configurations reporting only a
binary decision. Self-consistency takes 4.2× the inference wall-clock time of greedy feedback generation.

Combining the two Qwen models improves accuracy over either model alone (Table 3). The default
cascade with greedy feedback decoding reaches 0.878 accuracy and 0.772 MCC, with a 95% bootstrap
accuracy interval of 0.863–0.892. Threshold calibration improves the one-token baseline but does
not close the accuracy gap. Selecting its threshold on the validation set raises test accuracy from
0.752 to 0.831. Matching the cascade’s validation-set false-positive rate instead gives 0.836 accuracy.
Calibrating the cascade gate raises accuracy to 0.887 while reducing valid recall, the fraction of
valid candidates retained, from 0.974 to 0.937. Self-consistency improves accuracy when acceptance
requires a strong majority. Sampling five traces at temperature 0.8 and requiring four valid votes
raises feedback-model accuracy from 0.851 to 0.874 and cascade accuracy from 0.878 to 0.888. A
simple three-of-five majority improves standalone feedback accuracy by only 0.3 percentage points.
The four-of-five cascade gain has a paired 95% bootstrap interval of 0.4–1.7 percentage points
(Appendix F); its additional generation cost is reported below.

The cascade has the highest accuracy among the three compared configurations for each public prover
(Table 4). Feedback-model accuracy varies less across provers than one-token accuracy: 0.843–0.867
versus 0.688–0.819. The prover outputs also differ in theorem mix, valid fraction, and proof length,
so these results describe transfer across their observed outputs.

Ranking candidates for verification. Ranking is especially useful on ProofNet, where valid
candidates are rare and rejecting every candidate would already give high accuracy. An offline
replay tests how many valid proofs can be recovered with a fixed number of Lean checks. Each
candidate pool groups attempts from the same benchmark, prover run, and problem name. We rank
predicted-valid candidates first and break ties with the one-token score. On ProofNet, checking one
candidate per pool uses 3.7% of all compilation calls and recovers a valid proof in 57.2% of pools
known to contain one, versus 47.9% under random ordering. At two candidates per pool, the rates
are 72.3% and 63.2%. ProofNet reuses some problem names, so a small number of pools combine
distinct theorems; these figures describe coverage of the recorded pools. Appendix F details the
replay.
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Table 4: Accuracy by prover on the evaluation benchmark. Each row combines miniF2F and ProofNet
outputs; their proportions and the fraction of valid candidates differ across provers.
Prover Valid fraction Feedback One-token Cascade

Goedel-Prover-V2-8B 0.530 0.867 0.819 0.893
DeepSeek-Prover-V2-7B 0.408 0.843 0.765 0.878
Pythagoras-Prover-4B 0.328 0.848 0.688 0.865

The one-token model and cascade gate use threshold 0.5 for every prover.

5.2 FEEDBACK QUALITY ON VALID AND INVALID PROOFS

Table 5: Predicted feedback compared with Lean v4.15.0 annotations on 2,004 evaluation-benchmark
programs, balanced by prover and validity label. Appendix D defines all metrics.
Metric Overall Valid Invalid

Block F1, exact 0.796 0.969 0.623
Anchored block F1 0.795 0.969 0.621
Token F1 0.852 0.983 0.721
Error-presence agreement 0.840 0.974 0.707

We assess feedback on a subset of the evaluation benchmark containing 2,004 programs: 334 for each
prover–validity combination, giving 1,002 valid and 1,002 invalid programs. Table 5 summarizes
the metrics defined in Appendix D; Appendix B gives the sampling procedure. Block F1 is 0.969 on
valid programs and 0.623 on invalid programs, showing much closer agreement with Lean on valid
proofs. We hypothesize that rare and varied failure modes make invalid traces harder to predict.

Anchored block F1 additionally requires each matched block to occur at the same source position. Its
scores, 0.969 on valid programs and 0.621 on invalid programs, are almost unchanged from block F1,
suggesting that misplaced matching blocks explain little of the gap. Both metrics require exact block
content after whitespace normalization, so paraphrased diagnostics receive no match. In Figure 3,
the model identifies the same failing tactic and type conflict as Lean but phrases the error differently.
Token F1 gives partial credit for their shared words and symbols. Overall block F1 ranges from 0.788
to 0.805 across prover families.

The model incorrectly accepts 260 of the 1,002 invalid-labelled programs, all without a predicted
error block. Appendix B gives the acceptance breakdown, including output-limit rejections. Invalid
proofs also lead the model to generate excess feedback. It emits 1.53× as many blocks as Lean’s
trace on invalid programs, compared with 1.01× on valid ones. This is consistent with the model
continuing after an error that ends the reference trace, as illustrated in Figure 4. The model supplies
useful approximate correctness signals at the verdict and feedback levels, but exact failure diagnosis
is less reliable. On invalid programs, error-presence agreement is 70.7%; this measures agreement on
whether an error is present, not reproduction of its exact message. Missed errors and excess feedback
can complicate the use of predicted traces for proof repair.

5.3 PIPELINE THROUGHPUT

Speculative decoding. Speculative decoding accelerates feedback generation because much of
the output repeats the input program. We serve the model with vLLM (Kwon et al., 2023), draft
tokens by copying matching spans from the input, and let the model check those drafts (vLLM
Speculative Decoding; Leviathan et al., 2023; Chen et al., 2023). In a paired serving experiment with
greedy decoding on 638 programs, drafting eight tokens at a time raises throughput from 1.04 to 3.17
programs/s, a 3.04× speedup. Accuracy changes from 0.851 to 0.850, with 99.2% verdict agreement.
Speculation also makes multiple-trace sampling faster. Separate serving runs give five-sample self-
consistency throughput of 0.78 programs/s with speculation and 0.27 without it. On 638 programs
evaluated under both configurations, accuracy is 0.886 in each and their verdicts agree on 94.7% of
programs.
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FP8 quantization of the feedback model. Reducing numerical precision improves throughput
while retaining similar prediction quality. We quantize the feedback model from 16-bit floating
point (BF16) to 8-bit floating point (FP8), without a calibration dataset (Micikevicius et al., 2022;
vLLM FP8). With greedy decoding, accuracy is 0.852 with FP8 and 0.851 with BF16; verdicts agree
on 98.3% of programs. All reported trace-quality metrics differ by at most 0.005 on 989 matched
programs. With speculation, FP8 raises throughput from 3.27 to 3.50 programs/s. The FP8 cascade
reaches 0.877 accuracy at 0.279 s per candidate.

Table 6: Neural throughput on one H100 and Lean throughput on CPUs. Feedback uses greedy
decoding. Cascade timings include loading and model transitions; standalone timings exclude
warmup and tokenization. The Lean REPL pool runs the benchmark verification pipeline with 64
workers and environment reuse.
Evaluator Candidates/s Seconds/candidate

ModernBERT 264 0.0038
One-token 8B 4.9 0.204
Feedback 4B, no speculation 0.73 1.37
Feedback 4B + speculation 3.27 0.306
Cascade 3.48 0.287
Cascade, FP8 feedback stage 3.59 0.279

Lean REPL pool, 64 workers 0.835 1.20

Seconds per candidate is total batch time divided by batch size, not individual-request latency. Standalone rows
use separate serving runs; the text reports the paired speculative-decoding comparison.

End-to-end cascade throughput. With speculative decoding, the cascade processes 3.48 candidates
per second in the recorded serving run (Table 6). This includes loading the gate, scoring every
candidate, switching models, and generating traces for the 64.8% that pass the gate. The FP8 variant
reaches 3.59 candidates per second. Appendix F gives the timing breakdown.

What the Lean reference measures. The cascade’s throughput is 4.2× that of the 64-worker Lean
REPL pool used to collect the benchmark. The reference aggregates 78,074 requests counted by
the collection summaries and 26.0 h of verification wall time, giving 0.835 candidates/s. Lean used
64 concurrent verification jobs, reused loaded environments, and applied incremental caching on
the hardware described in Section 3. The ratio compares measured pipeline throughput; the request
schedules and timing boundaries differ.

6 GRPO WITH HYBRID REWARDS

6.1 REWARD SCORING AND TRAINING TIME

After rollout generation, the hybrid protocol unloads the prover and uses the same eight H100 GPUs
to score its 1,024 candidate proofs, with 128 candidates per GPU. Each GPU loads the one-token
classifier, scores its candidates, then loads the feedback model for those that pass the gate. A 64-
worker Lean pool checks candidates concurrently, with a 60 s per-proof timeout. When all GPU
predictions are ready, after 90 s on average, we retain completed Lean verdicts and use cascade
predictions for unfinished checks (Figure 1). Deterministic precheck failures remain negative. The
90 s includes model loading and unloading, warmup, inference, and synchronization.

With Lean-only rewards and the same 60 s per-proof timeout, scoring a batch takes about 420 s.
Reducing the per-proof timeout to 13 s lowers batch scoring time to about 90 s, matching the hybrid
protocol. Generation and policy updates take approximately 630 s in all three conditions, giving total
step times of about 1,050 s for standard Lean-only training and 720 s for hybrid and short-timeout
Lean-only training. Hybrid rewards thus reduce step time by about 31%. These per-proof timeouts
apply during GRPO training. Benchmark collection and final prover evaluation instead use a 180 s
timeout (Section 3; Appendix E).
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6.2 CONTROLLED GRPO TRAINING COMPARISON

We train an 8B prover for one epoch under three reward conditions: Lean-only with a 60 s per-proof
timeout, hybrid rewards, and Lean-only with a 13 s per-proof timeout. All runs start from the same
supervised checkpoint and use the same training data and GRPO settings, with eight rollouts for each
of 128 problems per step on eight H100 GPUs. The 13 s condition tests whether shortening Lean
checks alone can match hybrid training at the same batch scoring time.

We evaluate the shared initial checkpoint and all three final checkpoints on all 488 miniF2F problems.
Table 7 reports means and standard deviations across five evaluations per fixed checkpoint for pass@1
and three for pass@32. Final proofs are checked with Lean independently of the learned reward
predictions; Appendix E gives the evaluation protocol.

Table 7: Prover performance and training time. Pass@1 and pass@32 on all 488 miniF2F
validation and test problems, before and after one epoch of GRPO. Values are mean ± standard
deviation across five evaluations for pass@1 and three for pass@32. Step times are approximate and
include generation, reward scoring, and policy updates. Timeouts in the row labels apply to each
proof during reward scoring.
Checkpoint / reward source Pass@1 (%) Pass@32 (%) Step time (s)

Initial checkpoint (shared) 53.8± 0.6 72.8± 0.3 —
GRPO, Lean-only, 60 s timeout 62.4± 0.6 71.3± 0.8 1,050
GRPO, hybrid rewards 62.2± 0.8 72.4± 0.4 720
GRPO, Lean-only, 13 s timeout 59.8± 0.6 69.7± 1.1 720

All three reward conditions improve pass@1. Hybrid and standard Lean-only training finish at nearly
the same level, 62.2% and 62.4%, while the 13 s Lean-only condition reaches 59.8%. At the same
batch scoring time, hybrid rewards therefore give higher final pass@1 than shortening the Lean
timeout alone.

Hybrid training also largely preserves the initial prover’s pass@32: 72.4 ± 0.4% after GRPO,
compared with 72.8 ± 0.3% before it. The small change is comparable to the variation across
repeated evaluations. Lean-only training instead falls to 71.3 ± 0.8% with the 60 s timeout and
69.7± 1.1% with the 13 s timeout. Hybrid training finishes 1.1 and 2.7 percentage points above these
conditions, respectively. The Lean-only pattern of rising pass@1 and falling pass@32 is consistent
with distribution sharpening under GRPO, also observed in formal theorem proving by He et al.
(2025); the hybrid condition remains close to its initial pass@32 while gaining 8.4 points in pass@1.

Reward agreement and timeouts. On the 23,489 Lean-labelled candidates (63.9% valid) in our
24,576-rollout replay cohort, feedback-model accuracy is 85.3% and greedy-cascade accuracy is
86.2%. The feedback model retains 89.9% of valid proofs and incorrectly accepts 22.8% of invalid
ones; the cascade reduces these rates to 85.1% and 11.6%. Combining cascade predictions with the
Lean checks completed within the 90 s window raises agreement to 92.5% in the full-cohort hybrid
replay. Appendix E specifies the timing and label conventions.

The timeout audit tests whether predicted verdicts can recover otherwise missing rewards. Rechecking
the 870 timeouts with a 600 s budget resolves 797 cases, of which 463 (58.1%) are valid. The feedback
model identifies 371 of these valid proofs, giving 371/463 = 80.1% recall among the recovered valid
proofs. The remaining 73 cases stay unresolved and are excluded from this audit’s validity rate.

7 CONCLUSION

Learned Lean evaluators provide fast approximate verdicts and feedback for candidate proofs. Our
cascade reaches 87.8% accuracy at 3.5 candidates per second on one H100. Combining its predictions
with completed Lean checks reduces GRPO step time by approximately 31%, with nearly unchanged
final miniF2F pass@1 and better preservation of the initial prover’s pass@32 than Lean-only training.
At the same scoring time, shortening the Lean timeout alone gives lower performance on both metrics.
We will release the code, datasets, and model checkpoints.
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AI USE STATEMENT

Generative AI tools were used to edit the manuscript and prepare the schematic hybrid-evaluation
visualization. The figure was checked against the reported aggregate timing and coverage values; its
intermediate profiles and phase durations are illustrative. The use of language models as components
of the research methodology is described in Sections 3–6. We reviewed all AI-assisted work and take
responsibility for the final content of this paper.

REPRODUCIBILITY STATEMENT

Sections 3–6 describe the datasets, models, training procedures, and evaluation protocols. The appen-
dices provide additional details on verification, feedback construction, metrics, GRPO configuration,
and deployment. Code, datasets, and model checkpoints will be released as described in the paper.
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A COMPARISON OF THE KIMINA LEAN SERVER WITH OUR LEAN PIPELINE

We compare our verification pipeline with Kimina Lean Server (Dos Santos et al., 2025) on a random
subset of 10,000 proofs from NuminaMath-LEAN (Li et al., 2024). This provides an external check
on the efficiency of our Lean baseline. Both systems use Lean v4.15.0, 64 Lean workers on a machine
with 72 AMD EPYC 7R13 CPUs, and a 60 s per-proof timeout, with a second attempt after a timeout.
Kimina uses environment reuse and 10 HTTP workers, each submitting up to eight proofs per request.
Our pipeline uses batches of 256 proofs.

Mean elapsed time per proof is 0.179 s for our pipeline and 0.164 s for Kimina, an 8.4% reduction.
Both compile the dataset’s proof (the answer field). Our pipeline also elaborates the original
theorem (the question field), checks that the proof preserves its statement, and rejects forbidden
constructs such as sorry. This separate comparison uses a different workload and hardware from
the public-prover collection measurements in Section 5.

B REPRODUCIBILITY DETAILS

Provenance. The public-prover evaluations use saved predictions and timings from H100 GPUs,
with each standalone evaluator and cascade pipeline using one GPU. GRPO scoring measurements use
128 candidates per H100; the training comparison uses eight H100s (Appendix E). The Lean collection
reference aggregates 78,074 requests and 26.0 h of verification wall time across the collection runs.

In-house candidate sampling. To generate additional proof candidates for evaluator training and
the in-house validation set, we sample eight attempts per problem from the in-house 8B prover, using
temperature 1.0, top-p 0.95, and a limit of 32,768 generated tokens per attempt.

Benchmark reconstruction. Table 8 gives the six primary runs after exclusions and before dedu-
plication. Removing 2,807 duplicates yields 68,932 programs, of which 40.8% are valid. Verification
wall times are 6.9/4.7 h for Pythagoras on miniF2F/ProofNet, 4.5/1.7 h for Goedel, and 4.8/3.2 h for
DeepSeek. Diagnostics are joined to generated candidates by index because ProofNet reuses some
problem names.

Parameter selection uses the independent in-house validation data described in Section 3.

Table 8: Per-run composition before cross-run deduplication.
Prover Benchmark Lean Rows Valid

Pythagoras-Prover-4B miniF2F v4.15.0 14,903 0.574
Pythagoras-Prover-4B ProofNet v4.15.0 10,335 0.039
Goedel-Prover-V2-8B miniF2F v4.15.0 13,706 0.715
Goedel-Prover-V2-8B ProofNet v4.15.0 6,205 0.155
DeepSeek-Prover-V2-7B miniF2F v4.15.0 15,408 0.620
DeepSeek-Prover-V2-7B ProofNet v4.15.0 11,182 0.124

Verifier acceptance policy. Pre-checks exclude candidates that violate the collection policy before
Lean runs. A candidate is rejected if it exceeds 262,144 characters, declares no theorem, or contains a
forbidden construct after comments and strings are masked. Forbidden constructs are sorry, admit,
axiom, constant, opaque, and unsafe. The import block must match the benchmark’s
required header, with no imports elsewhere in the program. Surviving candidates are compiled with a
budget of 800,000 Lean heartbeats; proofs with unresolved placeholders are rejected.

Acceptance also requires a compiled declaration matching the expected theorem statement. The
collection compares pretty-printed signatures and rejects mismatches even if the program otherwise
compiles. This policy can conservatively reject a binder renaming that changes the printed signature.
The pre-check does not block native_decide or user metaprogramming such as macro_rules
and elab, so acceptance inherits the verifier’s trust assumptions for those constructs. Timeouts and
infrastructure failures produce no label. Evaluators receive the reconstructed candidate program,
without a separate expected-statement input or Lean-version identifier. Matching the external target
statement is enforced by the Lean collection harness.
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Feedback-quality protocol. The main feedback sample is drawn from the evaluation benchmark.
It contains 334 programs for each of the six prover–label combinations, giving 2,004 programs.
Programs are sampled from saved greedy predictions using random seed 42. Reference annotation
executes the programs through LeanInteract at Lean v4.15.0 with Mathlib, using the construction
rules in Appendix C.

Feedback metrics compare each predicted trace with the corresponding Lean annotation using the
formulas in Appendix D. The scores in Table 5 average per-program metrics over all 2,004 annotated
programs, including truncated predictions; the valid and invalid columns use the stored benchmark
labels to select their respective 1,002-program subsets.

The acceptance breakdown applies the evaluator’s output-limit policy as well as the trace parser. Of
1,002 invalid-labelled programs, 714 contain a predicted error and are rejected. Of the remaining 288,
28 hit the output limit and 260 are accepted. Fresh Lean executions during annotation disagree with
four stored labels; runs without a returned verdict are excluded from this comparison.

Parser and generation limits. For untagged traces, we predict invalid when the trace contains an
error marker, ends in a terminal proof-state block, or reaches the output-token limit. Error detection
uses the case-insensitive pattern in Appendix D. A terminal state is a complete feedback block
containing - proof state: with no non-whitespace source after it, after removing the end-of-
text suffix. An explicit validity tag, if generated, overrides the annotation-derived verdict; when
several appear, the last is used. Output-limit stops still force rejection. Such tags are absent from
the training targets. The feedback evaluator rejects overlength inputs; the classifiers instead truncate
them. Across the reported generation settings, 1.5–2.0% of traces reach the output-token limit and
are scored invalid.

Continued pretraining. The approximately 130M-token continued-pretraining corpus comprises
Lean source and documentation from Mathlib and Lean Pool1. All three models train for one epoch
with AdamW, cosine learning-rate decay, 3% warmup, BF16 precision, and gradient clipping at norm
1.0. The encoder uses masked-token prediction with 30% masking, an 8,192-token context, effective
batch size 32, and learning rate 3× 10−5. Both Qwen models use next-token prediction on packed
16,384-token sequences, effective batch size eight, and learning rate 5× 10−6.

Supervised evaluator training. The three models draw from the same compiler-labelled program
pool, with model-specific filtering. The one-token dataset contains 4,788,241 examples packed into
130,000 sequences; the feedback dataset contains 4,836,380 examples packed into 443,760 sequences.
At an effective batch size of eight, these correspond to 16,250 and 55,470 optimizer steps. The
encoder processes approximately 4.82M examples over 75,251 steps. All supervised training uses
BF16 precision. Both Qwen models use a cosine learning-rate schedule with 5% warmup and pack
multiple examples into 32,768-token sequences. The one-token model retains the beginning and end
of inputs that exceed its context limit. Both Qwen models receive raw program text without a chat
template at training and inference. For the feedback model, the loss is applied only to the annotated
response, not to the input prompt.

Evaluator-training compute. Including continued pretraining and supervised training, the encoder
takes approximately 12 h on one H100, the one-token 8B model 24 h on eight H100s, and the feedback
4B model 67 h on eight H100s. These runs use approximately 12, 192, and 536 H100 GPU-hours,
respectively, for a combined 740 H100 GPU-hours. This total covers the three evaluator-training
runs; it excludes data collection, inference, GRPO training, and preliminary experiments.

Timing boundaries. Neural hardware is one H100 80GB, serving with vLLM 0.12.0, Py-
Torch 2.9.0+cu129, and Transformers 4.57.3 (the gate runs as a Transformers forward pass with
FlashAttention-2). The compiler reference uses dual-socket AMD EPYC 7543 nodes (64 cores, 128
threads, 1,008 GiB RAM) with 64 concurrent Lean verification jobs, reuse of loaded environments,
incremental compilation caching, and a 180 s per-command timeout; the machine type is the same
across collection runs.

1https://github.com/Vilin97/lean-pool
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Pipeline timing includes the initial model load, gate scoring, model transition, feedback generation,
and driver overhead. The transition is the gate unload plus feedback-model load. These startup timers
cover different work: the gate loads a Transformers model, while the feedback timer covers vLLM
engine initialization, including its setup and warmup. The current pipeline takes 979.7 s, of which
8.9 s is driver overhead beyond the timed model stages. Table 6 reports amortized batch throughput.
The Lean reference measures the 64-worker REPL verification pipeline used to collect the benchmark,
including its acceptance checks and environment reuse; its throughput is 0.835 candidates/s, or 1.20 s
per candidate averaged over the collection workload.

Source preservation. Source-position matching uses the model’s emitted program text, so we
also check whether that text preserves the input. In the recorded source-preservation audit, 54.9%
of generations reproduce the full input, 44.7% reproduce an exact prefix, and 0.41% contain other
changes. The prefix category compares emitted source with the corresponding input prefix, allowing
traces that stop at a predicted error. The audit measures source preservation separately from feedback
quality.

Complete feedback comparisons. Figures 3 and 4 compare saved model predictions with annota-
tions obtained from Lean v4.15.0 on two invalid proofs. In the first, the model predicts an error at the
same tactic as Lean and states the same type conflict, but its message differs. The first difference is
the message kind: Lean reports an application type mismatch, because the anonymous constructor
elaborates to an application of Exists.intro whose argument has the wrong type, while the
model predicts a plain type mismatch and omits the application. Exact block matching counts this
error block as a miss even though both goal-state blocks match, so token F1 exceeds block F1 for this
program. In the second, the model misses the error and continues annotating. Each figure displays
both traces in full and reports the feedback metrics for that individual program; aggregate quality
appears in Table 5.

C CONSTRUCTION OF FEEDBACK TRACES

Feedback traces serialize Lean’s tactic states and diagnostics as compact comments in the source pro-
gram. The same format defines the feedback model’s prediction target and the reference annotations
used for feedback-quality evaluation.

Source preparation and trace collection. For fresh annotation, the batch pipeline removes existing
feedback and proof-state blocks, then places inline declaration proofs of the form := by tactic
onto an indented tactic line. This gives the first tactic its own insertion point. It executes the resulting
program through LeanInteract with tactic tracing enabled. Tactic records provide the goal-state text
and source span; compiler messages provide severity, message text, and source positions. If multiple
tactic records start on the same source line, only the first record returned for that line is retained.
Messages are grouped by the ending line of their reported source span. The trace is therefore aligned
to source lines rather than containing a separate block for every nested tactic invocation.

Placement and block merging. The annotator scans source lines in order. Before a retained tactic’s
starting line, it inserts a comment beginning with /- <feedback> and - proof state:. It
then copies the source line and appends any diagnostic feedback assigned to that line. Comment
indentation follows the associated source line, and each block ends with </feedback> -/. When
a proof-state payload immediately follows an existing feedback block, the formatter removes the
preceding closing delimiter and appends the new payload inside that block. This avoids adjacent
wrappers, for example when a diagnostic is followed immediately by the next tactic’s state. The
metrics in Appendix D score these serialized blocks.

Hypothesis deduplication. The formatter separates each printed proof state into hypothesis dec-
larations and goal/case lines. It joins continuation lines within a declaration and expands grouped
names, such as x y : T, into individual name–value entries. A dictionary, initially empty for each
annotated program, stores the last printed value for every hypothesis name. A newly encountered
declaration is printed as h : P; an unchanged declaration is omitted. If the same name later has a
different printed value, the formatter emits h : Q (was P) and updates the dictionary. Goal
targets, case labels, and other retained non-declaration lines are emitted even when they repeat.
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Lean annotation

import Mathlib
set_option maxHeartbeats 800000
open Fintype Set Real Ideal Polynomial
open scoped BigOperators
open Fintype Set Real Ideal Polynomial
open scoped BigOperators
theorem exercise_4_3_1 {R : Type*}

[CommRing R] (a : R) :
∃ I : Ideal R, {x : R | x*a=0} = I
:= by

/- <feedback>
-- proof state:
R : Type u_1
inst† : CommRing R
a : R
⊢ ∃ I, {x | x * a = 0} = ↑I
</feedback> -/
have h_main : ∃ (I : Ideal R),

{x : R | x*a=0} = I := by
/- <feedback>
-- proof state:
⊢ ∃ I, {x | x * a = 0} = ↑I
</feedback> -/
refine' ⟨{x : R | x * a = 0}, _⟩
/- <feedback>
-- type: error, msg:

application type mismatch
Exists.intro {x | x * a = 0}

argument
{x | x * a = 0}

has type
Set R : Type u_1

but is expected to have type
Ideal R : Type u_1

</feedback> -/

Model prediction

import Mathlib
set_option maxHeartbeats 800000
open Fintype Set Real Ideal Polynomial
open scoped BigOperators
open Fintype Set Real Ideal Polynomial
open scoped BigOperators
theorem exercise_4_3_1 {R : Type*}

[CommRing R] (a : R) :
∃ I : Ideal R, {x : R | x*a=0} = I
:= by

/- <feedback>
-- proof state:
R : Type u_1
inst† : CommRing R
a : R
⊢ ∃ I, {x | x * a = 0} = ↑I
</feedback> -/
have h_main : ∃ (I : Ideal R),

{x : R | x*a=0} = I := by
/- <feedback>
-- proof state:
⊢ ∃ I, {x | x * a = 0} = ↑I
</feedback> -/
refine' ⟨{x : R | x * a = 0}, _⟩
/- <feedback>
-- type: error, msg: type mismatch
{x | x * a = 0}

has type
Set R : Type u_1

but is expected to have type
Ideal R : Type u_1

</feedback> -/

Figure 3: Invalid proof: error detected, message paraphrased. For ProofNet exercise_4_3_1,
Lean rejects the refine’ step because a set is supplied where an Ideal R is expected, and the
model predicts invalid with an error block at the same tactic. The two goal-state blocks match
exactly. The error blocks differ: Lean reports an application type mismatch for the elaborated
application Exists.intro {x | x * a = 0} and lists the offending argument, whereas the
model predicts a plain type mismatch that names only the set. The stated conflict, Set R versus
Ideal R, is the same. Block F1 and anchored block F1 are 0.667, token F1 is 0.929, and error-
presence agreement is 1. Both complete saved traces are shown, including imports and options; only
whitespace is reflowed. Scores use the original traces.
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Lean annotation

import Mathlib
set_option maxHeartbeats 800000
open Fintype Subgroup Set Polynomial
Ideal
open scoped BigOperators
open Fintype Subgroup Set Polynomial
Ideal
open scoped BigOperators
theorem exercise_1_1_22a

{G : Type*} [Group G] (x g : G) :
orderOf x = orderOf (g-1 * x * g) :=
by

/- <feedback>
-- proof state:
G : Type u_1
inst† : Group G
x : G
g : G
⊢ orderOf x = orderOf (g-1 * x * g)
</feedback> -/
have h_main :

orderOf x = orderOf (g-1 * x * g)
:= by

/- <feedback>
-- proof state:
⊢ orderOf x = orderOf (g-1 * x * g)
</feedback> -/
apply orderOf_conj
/- <feedback>
-- type: error, msg: unknown
identifier
'orderOf_conj'

</feedback> -/

Model prediction

import Mathlib
set_option maxHeartbeats 800000
open Fintype Subgroup Set Polynomial
Ideal
open scoped BigOperators
open Fintype Subgroup Set Polynomial
Ideal
open scoped BigOperators
theorem exercise_1_1_22a

{G : Type*} [Group G] (x g : G) :
orderOf x = orderOf (g-1 * x * g) :=
by

/- <feedback>
-- proof state:
G : Type u_1
inst† : Group G
x : G
g : G
⊢ orderOf x = orderOf (g-1 * x * g)
</feedback> -/
have h_main :

orderOf x = orderOf (g-1 * x * g)
:= by

/- <feedback>
-- proof state:
⊢ orderOf x = orderOf (g-1 * x * g)
</feedback> -/
apply orderOf_conj
<;> simp [mul_assoc]
<;> aesop

/- <feedback>
-- proof state:
h_main : orderOf x = orderOf (g-1 * x *
g)
⊢ orderOf x = orderOf (g-1 * x * g)
</feedback> -/
apply h_main

Figure 4: Invalid proof: a missed compiler error. For ProofNet exercise_1_1_22a, Lean
reports that orderOf_conj is unknown, but the model continues annotating and predicts valid.
Block F1 is 0.667, anchored block F1 is 0.667, token F1 is 0.745, and error-presence agreement is 0.
Both complete saved traces are shown; the Lean annotation ends at the first error by construction.
Only whitespace is reflowed, and scores use the original traces.
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The dictionary persists throughout the source scan and compares printed names and values; it does
not perform semantic equivalence checking or track Lean declaration identities. Names absent from a
later state are not removed from the dictionary, and no explicit deletion marker is emitted. Thus, a
compact state comment records new or changed hypotheses together with the displayed goals; it is
not a standalone reproduction of the full local context. Deduplication applies to parsed proof-state
declarations, not to hypothesis text embedded inside compiler error messages.

Diagnostics and stopping. Each retained diagnostic is serialized as - type: severity,
msg: text. The formatter skips warnings by default and removes message lines beginning
with note: this linter can be disabled with; other diagnostic text is retained,
including multiline messages. The batch renderer emits no diagnostic block if filtering leaves no
message text. After emitting the first error-bearing diagnostic block, it ends the annotated source
prefix, omitting later source lines and feedback. This stopping rule belongs to the annotation pipeline.
For a completed valid proof, no synthetic final no goals message or separate validity tag is
appended; terminal goal-state text is not used as an extra success marker.

D FEEDBACK-QUALITY METRICS

The four metrics in Table 5 compare the model’s predicted annotated program ˆ︁zi with Lean’s reference
annotation zi for the same input program i.

Block extraction and normalization. From each annotated program, we extract complete blocks
delimited by /- <feedback> and </feedback> -/, allowing whitespace around the tags and
matching the tags case-insensitively. Unclosed blocks are not extracted. We remove the delimiters
and normalize each block’s content by stripping leading and trailing whitespace and replacing every
internal whitespace run with one space. Content matching remains case-sensitive and retains all other
characters, including comment markers.

Let Bi and ˆ︁Bi be the multisets of normalized reference and predicted block contents. For each
block, its anchor a is the number of non-empty lines preceding it in its own annotated program, after
removing earlier feedback blocks. Let Ai and ˆ︁Ai be the corresponding multisets of pairs (a, b), where
b is the normalized block content. Thus, anchors are computed separately from the reference and
predicted source text.

Multiset precision, recall, and F1. For a reference multiset G and a predicted multiset P , write
cG(u) and cP (u) for the multiplicity of item u, and let |G| and |P | count items with multiplicity.
Their overlap is

O(G,P ) =
∑︂

u∈supp(G)∪supp(P )

min{cG(u), cP (u)}. (1)

For non-empty denominators, precision is Prec(G,P ) = O(G,P )/|P | and recall is Rec(G,P ) =
O(G,P )/|G|. If both multisets are empty, precision and recall are both 1; if exactly one is empty,
both are 0. The harmonic mean is equivalently

F (G,P ) =

⎧⎨⎩1, |G|+ |P | = 0,
2O(G,P )

|G|+ |P |
, |G|+ |P | > 0.

(2)

Repeated blocks or tokens can therefore match only as many times as they occur on both sides.

Block and token scores. Let Ti and ˆ︁Ti be the multisets of tokens pooled over all normalized
block contents on each side. Tokenization uses the Unicode-aware Python regular expression
\w+|[^\w\s]: each token is either a maximal run of word characters (Unicode alphanumeric
characters or underscores), or one non-word, non-whitespace character. Tokens are case-sensitive;
their order and block boundaries are discarded. The three F1 metrics are

BlockF1i = F (Bi, ˆ︁Bi), (3)

AnchoredBlockF1i = F (Ai, ˆ︁Ai), (4)

TokenF1i = F (Ti, ˆ︁Ti). (5)
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Block F1 ignores block order and placement; anchored block F1 additionally requires the same
anchor. Token F1 gives partial credit for shared tokens even when an entire diagnostic does not match.
The empty-multiset convention applies separately to each metric.

Error-presence agreement. Define E(z) to be 1 if the case-insensitive regular expression
--\s*type\s*:\s*error\b matches anywhere in z, and 0 otherwise. The implementation
searches the full annotated text, rather than only the extracted complete blocks. Per-program agree-
ment is

ErrorAgreementi = 1{E(zi) = E(ˆ︁zi)}. (6)
Both predicting an error when one is present and predicting no error when none is present count as
agreement. This score compares error markers independently of the stored validity label and the
output-limit policy used for verdict prediction.

Averaging. For any of the four per-program metrics mi and a scored subset S, the reported value is

mS =
1

|S|
∑︂
i∈S

mi. (7)

Every program has equal weight: F1 is averaged after per-program computation, rather than computed
from pooled corpus-wide counts or averaged precision and recall. The scorer excludes rows whose
reference annotation is missing or blank; a non-empty annotated program containing no feedback
blocks remains eligible. Table 5 includes all 2,004 sampled programs, with no exclusions for
missing reference annotations. The valid and invalid subsets each contain 1,002 programs; truncated
predictions remain included and are scored using their emitted text.

E GRPO EVALUATION PROTOCOL

Cohort and reward labels. The replay cohort contains 24,576 rollouts, partitioned into 23,489
with an original Lean verdict, 870 timeouts, and 217 without extractable Lean code. Verdict accuracy
uses only the 23,489 labelled candidates; timeout rechecks form a separate audit. The feedback
model uses one greedily decoded trace with speculative acceleration. The cascade uses the one-token
threshold of 0.5 followed by the same feedback rule. The hybrid protocol uses cascade predictions for
unfinished checks: the one-token classifier screens each candidate, and only its positive predictions
proceed to the 4B feedback model. Both stages must accept a candidate for the cascade to predict
validity.

In this cohort, 870/24,576 = 3.54% of rollouts time out and 217/24,576 = 0.88% contain no
extractable code, so 1,087/24,576 = 4.42% lack an original verdict. Figure 1 excludes missing-code
cases and reports 870/24,359 = 3.57% as 3.6% timeouts. These denominators distinguish timeouts
from other missing rewards.

Hybrid replay and timing. For candidate i, let di indicate a deterministic precheck failure, yi be
its Lean verdict, ci the time at which that verdict becomes available relative to the start of the reward
window, and ˆ︁yi the cascade’s prediction. Let Teval be the time when all LLM predictions are ready.
The hybrid verdict is

˜︁yi(Teval) =

⎧⎨⎩
0, if di = 1,

yi, if di = 0, a Lean verdict is available, and ci ≤ Teval,ˆ︁yi, otherwise.
(8)

Missing code, forbidden constructs, and other deterministic precheck failures cannot receive a positive
learned correctness reward. The replay uses saved Lean request-completion times, with the first
reward request as the time origin. It sets Teval = 90 s, the mean LLM evaluation time, and preserves
the recorded Lean completion schedule. This replay boundary assumes all evaluator predictions are
ready then; Lean checks proceed concurrently throughout the window. Re-evaluation on the full
cohort gives 92.5% agreement on the 23,489 candidates with original reference verdicts; timeouts
and missing-code cases are excluded from this denominator.

During training, the reward window ends when all evaluator shards have finished. Each GPU receives
128 of the 1,024 rollouts, and Lean verdicts returned by LLM completion take precedence over
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cascade predictions. The mean 90 s evaluation time includes loading and unloading both models,
setup and warmup, classifier and feedback inference, and synchronization across eight H100s. At
completion, approximately half of the candidates use Lean verdicts and half use cascade predictions;
unfinished Lean checks are cancelled. The reported step-time breakdown includes approximately
630 s for candidate generation and policy updates (including backpropagation and optimizer updates),
plus 420 s for Lean-only reward scoring or 90 s for hybrid scoring. Thus

TLean ≈ 630 + 420 = 1,050 s, Thybrid ≈ 630 + 90 = 720 s. (9)

The reduction is approximately 330 s per step, or 100(1,050 − 720)/1,050 ≈ 31.4%, reported as
31% in the main text. This reduction corresponds to the reported eight-H100 configuration. The final
comparisons evaluate checkpoints trained for one epoch on the same data.

Extended-budget timeout audit. Rechecking all 870 timeouts with a 600 s budget resolves 797
cases: 463 valid and 334 invalid. The resolved valid fraction is 463/797 = 58.1%. The feedback
model predicts valid for 371 of the 463 valid proofs, yielding 371/463 = 80.1% recall. This is
standalone-feedback recall; the cascade additionally requires acceptance by the one-token gate. The
73 unresolved cases remain unlabelled. These recovered labels do not enter the original replay’s
accuracy denominator.

Matched GRPO runs. All three reward conditions start from the same in-house 8B prover, super-
vised on correct proofs from the collected datasets. They train for one epoch on approximately 21.8K
filtered proof-completion problems from Goedel-Prover-V2 RL data2 (Lin et al., 2025b). Following
the Goedel-Prover-V2 filtering rule, we retain problems whose empirical per-problem pass rate p
satisfies 0 < p ≤ 0.75. Each training batch contains 128 prompts and eight rollouts per prompt.
All runs use the optimizer, sampling configuration, and other reward settings in Table 9. Standard
Lean-only and hybrid scoring use a 60 s per-proof Lean timeout; the short-timeout Lean-only control
uses 13 s. The resulting batch scoring times are approximately 420 s, 90 s, and 90 s, respectively. All
runs use eight H100 GPUs; the hybrid run reuses the training allocation for evaluator inference and
preserves optimizer state across model transitions.

Table 9: GRPO settings shared by all three reward conditions. Each run trains for one epoch;
reward-scoring timeouts are specified above.
Setting Value

Training prompts / rollouts per prompt 128 / 8
PPO minibatch / actor microbatch 128 prompts / 1 sequence per GPU
PPO clip ratio / update epochs per rollout batch 0.2 / 1
Optimizer / (β1, β2) AdamW / (0.9, 0.999)
Weight decay / gradient clipping 0.01 / 1.0
Learning rate / warmup 3× 10−6 / 25 updates
Learning-rate schedule Cosine decay to 10% of the initial rate
KL regularization Low-variance estimator; coefficient 0.01 in the loss
Entropy coefficient 0
Loss aggregation Mean token loss per response, then mean over responses
Malformed output / improper termination penalties 0.1 / 0.15
Verification-timeout / output-filter penalties 0.02 / 0.5
Rollout temperature / top-p 1.0 / 0.95
Rollout tensor parallelism 1
Prompt / output / total context limit 2,048 / 30,720 / 32,768 tokens
Data seed 1234
Training allocation Eight H100 GPUs

Estimated GRPO training compute. One epoch over approximately 21.8K problems with 128
prompts per step corresponds to about 170 training steps. Applying the step times above gives
approximately 50 h for standard Lean-only training and 34 h each for hybrid and 13 s Lean-only
training on eight H100s, or approximately 400, 270, and 270 H100 GPU-hours. Together with the
740 H100 GPU-hours for evaluator training, the three evaluator-training runs and three GRPO runs

2https://huggingface.co/datasets/Goedel-LM/RL_dataset_V2
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require an estimated 1,680 H100 GPU-hours. These estimates use training exposure and step times;
data collection, evaluation, and preliminary experiments are outside this total.

miniF2F evaluation. We evaluate the shared initial checkpoint and all three final checkpoints on
all 488 miniF2F problems (244 validation and 244 test problems). For pass@1, we perform five
evaluations per checkpoint, generating one candidate per problem in each repeat, for 2,440 candidates
per checkpoint. For pass@32, we perform three evaluations per checkpoint, generating 32 candidates
per problem in each repeat, for 46,848 candidates per checkpoint. Decoding uses temperature 0.3 for
pass@1 and 0.7 for pass@32; both use top-p 0.95 and a cap of 32,768 generated tokens per candidate.
All checkpoints use the same Lean version, imports, and acceptance policy, with a 180 s verification
timeout per proof for both metrics. This benchmark-evaluation budget is separate from the 60 s and
13 s timeouts used for GRPO reward scoring. Final evaluation uses the Lean verification harness
independently of learned reward predictions.

For checkpoint a, repeat r, and sample count k ∈ {1, 32}, let c(k)ar be the number of problems with at
least one accepted proof among their k generated candidates. The success rate in that repeat is

p(k)ar =
c
(k)
ar

488
. (10)

Unsolved problems remain in the denominator, including those with only rejected candidates, missing-
code outputs, or timeouts. With R1 = 5 and R32 = 3 evaluations, the reported mean on the percentage
scale is

P
(k)

a =
100

Rk

Rk∑︂
r=1

p(k)ar . (11)

We report this mean with the standard deviation across repeats, also on the percentage scale. The
standard deviations quantify variation across repeated decoding and evaluation runs for each fixed
checkpoint. Table 7 reports all four checkpoints under both metrics.

F ADDITIONAL EVALUATION DETAILS

The fraction of valid candidates affects how trustworthy a positive prediction is. Let π denote that
fraction, and let TPR(t) and FPR(t) be the true-positive and false-positive rates at threshold t.
Precision, also called positive predictive value (PPV), is

PPV(t;π) =
πTPR(t)

πTPR(t) + (1− π) FPR(t)
. (12)

Thresholds are selected on the in-house validation set using a grid with spacing 0.01, then evaluated
on the evaluation benchmark. Maximizing validation MCC selects a one-token threshold of 0.86,
giving test accuracy 0.831 and MCC 0.683. Matching the cascade’s validation false-positive rate
selects 0.89, giving 0.836 accuracy and 0.685 MCC. Matching its valid recall selects 0.66, giving
0.791 accuracy and 0.640 MCC. All three comparisons favor the default cascade, which reaches
0.878 accuracy and 0.772 MCC. Selecting the cascade gate threshold on validation data gives 0.82,
with test accuracy 0.887 and MCC 0.778. This reduces valid recall from 0.974 to 0.937.

Bootstrap intervals account for dependence among candidates sharing a problem name. We group
evaluated programs by benchmark and problem name and resample the groups 5,000 times with
replacement using random seed 42. The 2.5th and 97.5th percentiles give a cascade-accuracy interval
of 0.863–0.892. Using the same resamples for the default and self-consistency cascades gives an
accuracy-gain interval of 0.004–0.017.

Pooled AUROC includes comparisons between candidates from different benchmarks. Since the
valid fractions differ substantially between miniF2F and ProofNet, this mixture can affect the pooled
ranking score.

Budgeted compilation replay. The replay measures how many candidate pools yield a valid proof
at fixed compilation budgets. Candidates are grouped by benchmark, run, and problem name. Each
group is ranked either by the one-token score or by cascade verdict with the one-token score breaking
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ties. We compare both with the exact expected coverage under random ordering. Mean pool sizes
are 28.5 for miniF2F and 27.3 for ProofNet. A valid candidate exists in 1,125 of 1,461 miniF2F
pools and 173 of 1,001 ProofNet pools; coverage is measured over those pools. ProofNet reuses 19
problem names, so some pools merge distinct theorems.

Cascade ranking improves coverage most at small budgets. On ProofNet, one candidate per pool
uses 3.7% of calls and recovers 57.2% of pools containing a valid proof, compared with 52.6%
for one-token ranking and 47.9% for random ordering. At two candidates, cascade and random
coverage are 72.3% and 63.2%; at eight candidates they are 89.6% and 87.7%. On miniF2F, one
candidate gives 83.9% versus 79.3% random coverage, and four give 95.2% versus 92.2%. These are
compilation-call budgets; elapsed-time savings also depend on evaluator cost, proof length, and Lean
scheduling.

Cascade accounting. Pipeline cost combines gate scoring, selective feedback generation, and
model overhead. For N programs and gate-positive fraction q, the average elapsed time per candidate
is

Ccascade = Cgate + q Ctrace|gate+ +
Cload/swap + Cother

N
. (13)

In the measured pipeline, q = 0.648, gate scoring takes 420.2 s, and feedback generation takes 521.8 s
for 2,212 candidates. Thus Cgate = 0.123 s per input and Ctrace|gate+ = 0.236 s per gate-positive
input. Initial gate loading takes 3.4 s, the model transition 25.4 s, and other driver work 8.9 s. Together
these sum to the recorded 979.7 s, or 0.287 s per candidate. Standalone model timings use their own
batch configurations; the cascade total uses the stages measured together in this pipeline.
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